Introduction
Let k be an algebraically closed field. Throughout this paper, we will fix this field k.
Let X be a smooth projective surface over k, Υ a smooth projective curve over /r, and /: X -> Υ a generically smooth semistable curve over Υ of genus g 2; 2. If char (k) = 0, we know the following inequality due to Cornalba-Harris [2] and Xiao [7] , this holds even if char(fc)>0.) This inequality is actually sharp because we know an example which attains equality of the above inequality. When we consider a fibration with reducible fibers, we can however observe that (8g + 4)deg(/^(co x/ y)) is rather larger than gd(Xj Y). In order to formulate a sharper inequality, we introduce types of nodes of semistable curves. Let Z be a semistable curve over k, and P a node of Z. We can assign a number i to the node P in the following way. Let i p : Z F -* Z be the partial normalization of Z at P. If Z p is connected, then / = 0. Otherwise, i is the minimum of arithmetic genera of two connected components of Z P . We say the node P of Z is of type i. We denote by (5 f (Z) the number of nodes of type /. Moreover, we set <5(Z)= Σ^-(Ζ) and <5+(Ζ) = Σ i £ 0 i > 0
According to the exact formula ( [2] , Proposition 4.7) for hyperelliptic fibrations, we can guess a sharper inequality:
[ §]
Σ where δ^Χ/Υ) is the number of nodes of type i in all fibers, i.e., δ^Χ/Υ) = Σ &i( x y \ yey this paper, we would like to prove this sharper inequality for general stable fibrations. An idea of the proof of Theorem 1.1 is s follows. Let E be the kernel of the natural homomorphism f*f^(o} x/Y ) -> O} X/Y . By [10] , E is semistable on the geometric generic fiber Χ ή of f. By the same idea s in [6] , we can apply Bogomolov inequality (Theorem 2.2.1) to E. This is however insufficient to get the sharper inequality. Actually we have only Cornalba-Harris-Xiao inequality (cf. Remark 3.10). For the sharper inequality, we need to modify E along singular fibers, namely, we change a compactification of Ε ή on Xj. This modification can be done by a special elementary transformation.
As an application of Theorem 1.1, we can show the following answer for Bogomolov conjecture over function fields (cf. Theorem 5.2). First of all, we fix a notation. Let /: X ~-> Y be the stable model of/: X -» Y. Let X y (resp. X y ) be a singular fiber of / (resp. /) over y, and S y the set of nodes P of X y such that P is not an intersection of two irreducible components of X y . Let π : Z y -+ X y be the partial normalization of X y at each node in S y . We say X y is a chain of stable components if the dual graph of Z y is homeomorphic to the interval [0,1].
Theorem 1.2 (char(fc) = 0). We assume that f is not smooth, every singular fiber of f is a chain of stable components, and one of the following conditions:
(a) the generic fiber of f is hyperelliptic, or Then Bogomolov conjecture holdsfor the generic fiber of f, i.e., we have the following. Let K be the function field of Y, C the generic fiber of f, Jac(C) the Jacobian of C, and let j: C(K) -» Jac(C)( T) be a morphism given by j (P) = co c -P. Then, j(C(K)) is discrete in terms of the semi-norm ansing from the Neron-Tate height paring on Jac(C)( '). More precisely, the maximal radius of the ball in which we have only finitely many points coming from C(K) via j is greater than or equal to
This is a generalization of the main result of [7] in the case where char(&) = 0. For the proof of the above corollary, we will calculate an invariant e(G,D) for a metrized graph G with a polarization D. Using this, we have the following inequality, which is rather weaker than the sharper inequality (cf. Corollary 4.6).
Proposition 1.3 (char(&) ^ 0). If every Singular fiber off is a chain of stable components, then
Moreover, if the above inequality is strict, then Bogomolov conjecture holds for the gener ic fiber of f.
Preliminaries
In this section, we will recall base loci of canonical linear Systems of nodal curves, and Bogomolov inequality for semistable vector bundles. {(a l9 ...,a n )ek*\a l + ··· + a" = 0}.
Since C is connected, by Serre duality,
Thus, using Riemann-Roch theorem, we have dim k H°(C 9 a) c (P l + ··· Since the kernel of φ is //°(C,o> c ), the above formula says us that the dimension of the image of φ is n -1. Therefore, we get the last assertion. D Let C be a connected nodal curve over k. Let P be a node of C and h : C' -> C the partial normalization of C at P. We say P is a disconnecting node if C' is not connected. Note that, if C is a semistable curve, then a disconnected node is nothing more than a node of type i > 0. An irreducible component Z) of C is said to be of socket type if D is smooth and rational, and all nodes of C on Z) (i. (1) Β8(ω (: ) = /) 1 υ ··· vD r uDN c .
(2) Let P be a disconnecting node of C, h : C' -» C the partial normalization of C at P, C l and C 2 two connected components of C'. Then,
H°(C,a) c ). (3) If P is a disconnecting node not lying on irreducible components of socket type, then the image ofH°(C,a) c ) ®& CtP -+ (co c ) P coincides with the Image of (Ω^) Ρ -> (ct> c ) P .
Proof. In the following, we denote by N c the set of all nodes of C. In order to see (1), it is sufficient to show the following facts:
(a) If P e N c and P is a disconnecting node, then Pe Bs(co c ).
(b) If P 6 N c and P is not a disconnecting node, then P φ Bs(co c ).
(c) If D is an irreducible component of socket type, then D c Bs(co c ).
(a) Let h : C' -> C be the partial normalization of C at P, C\ and C 2 two connected components of C", and h~ r (P) = {Q,R} with Q e C l and ReC 2 . Let i be any section of (2) is obvious by the proof of (a).
Finally, let us consider (3). Let h : C' -* C be the partial normalization of C at P, C l and C 2 two connected components of C", and A" 1 (P) = [Q,R] with e C x and e C 2 . Let χ (resp. j) be a local parameter of C i at (? (resp. C 2 at R). The image of is contained in the image of (Ω^) Ρ -» (ω (: ) Ρ because On the other hand, since P is not lying on irreducible components of socket type, there are t^e H°(C i9 a) Cl ) and / 2 e#°(C 2 ,co C2 ) with ^(0)4=0 and / 2 (Α)ΦΟ. Locally, *! = Μ χ ί/χ and / 2 = w 2 i/y, where u i (Q) φ 0 and w 2 ( ) Φ 0. Thus, we have (3). D 2.2. Bogomolov inequality for fiber spaces. Let A" be a smooth projective surface over k and E a torsion free sheaf of rank r on X. We set = 2rc 2 
(E} -(r-ty
Then we have the following Version of Bogomolov inequality for fiber spaces. Hence, (D -F) > 0 means that G\ p is a destabilizing subsheaf of E\ p . This contradicts to the assumption that E is semistable on the geometric generic fiber Χ ή of f. α
Proof of Theorem 1.1
To start the proof of Theorem 1.1, we need a lot of preparations.
Fix an integer g ^ 2 and a polynomial P g (n) = (6n -l)(g -1). Let H g c Hilb^,-β be a subscheme of all tri-canonically embededded stable curves over k, Z g c H g x P 5ff~6 the universal tri-canonically embededded stable curves over k, and π : Z g -> H g the natural projection. Let S be the set of all points χ € Z g such that π is not smooth at x, and A =n(S). Then, by [3] , Theorem (1.6) and Corollary (1. be the irreducible decomposition such that the generic fiber of n\ c i : C* -* Jf (resp. / (resp. g -/). Then, C/ n C E 2 = 5°. Moreover, we denote The first assertion is a consequence of (1) of Proposition 2.1.3. Let F be the image of π*π # (ω ζ ο /Η ο) -> ω ζ ο /Η ο and χ = π (z). As we see in (2) of Proposition 2.1.3, any section s of (π # (ω ζ ο /Η β 0 )) χ has no pole on irreducible components of fibers around z, which means Ρ 2^( Ω^ο /Η 1) ζ " Therefore, by (3) First of all, we have c^E) = π* (λ) -ω. Moreover,
χ(Ζ°/Η°, π*(π # (ω))) = χ(Ζ°/Η°, Ε) -h χ(Ζ°/Η°, I s o -ω).
Thus, using the Grothendieck-Riemann-Roch theorem, we can see π, (c 2 (£)) = π # (ω · ω -π* (Α) · ω -S° + c 2 (π* (π φ (ω)))) .
Noting that π φ (π*(λ) · ω) = (2g~2)A, π,(c 2 (π* (π φ (ω)))) = Ο and ^(5,°) = Af, the above implies
Therefore, by virtue of Noether formula: π # (ω· ω) = 12 Λ -J°, we can conclude our claim. D -D Σ Wc.
Therefore, using formulae:
we can see that
Hence, by Claim 3.7, we get
Proofof Theorem 1.1. Now we obtain everything to prove Theorem 1.1. Let /: X-+ Υ be a semistable curve s in Theorem 1.1. Then, there is a morphism h : F-> ^0 with Z0° x H o7~ X. Let h' \X -+ Z® be the induced morphism. Let us consider a vector b ndle A'* g (F) on Y. By [4] , A'*(F) is semistable on the generic fiber of f. Thus, dis(/z'*(F)) ^ 0 by Theorem 2.2.1. On the other hand, by Claim 3.8,
Thus, we have
Let ι : Z® -> Z q be the inclusion map. If we set F= i*(F), then F is a reflexive coherent sheaf on Z g because codim(Z g \Z^°) = 2. Using F, we can slightly generalize Theorem 1.1. 
IfF is locallyfree along h'(X\ then
[f]
Thus, we can conclude our theorem in the same way s before. D Remark 3.10. Let X be a smooth projective surface over &, Υ a smooth projective curve over k, and /: A"-» Υ a surjective morphism with f+(0 x ) = <V Then, in the same idea of Claim 3.7 or [6] , we can see that, if E is the kernel of /*/*(
where g ^ 2 is the genus of the generic fiber. Thus, by [10] and Theorem 2.2.1, we can recover Cornalba-Harris-Xiao inequality: 
on the moduli space M g pseudo-effective?
Calculation of invariants arising from Green functions
In this section, we would like to calculate an invariant e(G,D) for a metrized graph G with a polarization D. For details of metrized graphs, see [12] . (c) For a fixed xe G, J,fe (Gtl)) (*, ;>)) = <5 X -/i (Gi ) . D} (y, y) is a constant for all y e G.
The constant g (GtD} (D,y) + g (GtD} (y,y) is denoted by r(G, D). Further we set
First of all, let's consider another expression of e(G, D). 
ab
This lemma can be generalized s follows.
Proposition 4.5. Lei G n be a metrized graph given by thefollowingfigure.
Let l i be the length between P i _ 1 and P t . Lei In [8] and [9] , we proved the following results. In this section, we would like to prove the following answer s an application of our slope inequality. Thus, we have our theorem. α
